We discuss the associated production of a top quark with a photon via anomalous t-q-γ couplings, and present higher-order corrections from soft-gluon emission for the processes gq → tγ at LHC energies. We perform soft-gluon resummation at next-to-leadinglogarithm accuracy and derive approximate next-to-next-to-leading order (aNNLO) doubledifferential cross sections. We calculate at aNNLO the total tγ production cross sections and the top-quark transverse-momentum and rapidity distributions for various LHC energies, and show that the soft-gluon corrections are large and dominant in these processes.
Introduction
The top quark continues to play a central role at the Large Hadron Collider (LHC). It has the highest mass among all known elementary particles, and thus it has unique properties and is thought to be central to further understanding of the Higgs mechanism. The main production processes are top-antitop pair production and single-top production (see Ref. [1] for a review).
In models of physics beyond the Standard Model, it is possible to produce top quarks via anomalous top-quark couplings. One such process is the associated production of a top quark with a photon, see e.g. Refs. [2] [3] [4] [5] [6] [7] [8] [9] . While there are processes in the Standard Model for tγ production with an additional quark in the final state, in models with anomalous top-quark couplings it is possible to produce a tγ final state without extra particles.
We use an effective Lagrangian with an anomalous coupling, κ tqγ , of a t, q pair to a photon, with q an up or charm quark,
where Λ is an effective scale which we take to be equal to the top quark mass, m; F µν γ is the photon field tensor; and σ µν = (i/2)(γ µ γ ν − γ ν γ µ ) where γ µ are the Dirac matrices. These anomalous interactions are flavor changing neutral currents. In the Standard Model such interactions are forbidden at tree level and highly suppressed.
The search for anomalous top-quark couplings is an active part of the LHC physics program [10] . For a better theoretical input to the setting of experimental limits on anomalous couplings, it is important to include higher-order corrections, especially when the corrections are large. The next-to-leading order (NLO) corrections to tγ production via anomalous couplings were calculated in Ref. [4] and were found to be large. Therefore, for better theoretical control, nextto-next-to-leading order (NNLO) corrections need to be computed to determine their effect on the cross section. Soft-gluon emission gives rise to a set of radiative corrections that are known to be large and dominant for final states with top quarks [1, 3, [11] [12] [13] [14] . For instance, in related processes such as tW production [13] and tZ production [14] , the complete NLO results are very well approximated by the soft-gluon corrections at that order, and we find the same to be true for tγ production. Below we denote as approximate NLO (aNLO) the cross section with first-order soft-gluon corrections; and as approximate NNLO (aNNLO) the cross section with second-order soft-gluon corrections. As we will see, the difference between the full NLO cross sections and the aNLO cross sections in tγ production is negligible. The NNLO soft-gluon corrections make important contributions to the cross sections and differential distributions.
Near partonic threshold, where there is not much energy for additional radiation, contributions from soft-gluon emission are particularly important. Soft-gluon corrections appear in the form of "plus" distributions of a variable, s 4 , that measures distance from threshold,
with k ≤ 2n − 1 for the nth-order corrections, that arise from cancellations of infrared divergences between soft and virtual terms. Integrals of these perturbative plus distributions with nonperturbative parton distributions φ give
We will see that the soft-gluon corrections for tγ production are significant. We also note that the effect of soft-gluon corrections is not dependent on the details of the models for top-quark anomalous couplings. In addition, we note that anomalous t-q-g couplings can also contribute to tγ production, and the formalism for the resummation of soft-gluon corrections is the same as for the t-q-γ couplings.
In the next section we present our soft-gluon resummation formalism and its application to tγ production. We derive formulas for the soft-gluon corrections at NLO and NNLO. In Section 3 we present numerical results at LHC energies for the total tγ cross section and the top-quark transverse-momentum and rapidity distributions. We present our conclusions in Section 4.
Resummation for gq → tγ
We begin with the formalism for soft-gluon resummation, and develop it for tγ production via anomalous t-q-γ couplings. The relevant partonic processes are gq → tγ, with q denoting an up or charm quark. The leading-order diagrams for gu → tγ are shown in Fig. 1 , and identical ones apply to gc → tγ.
We consider the partonic processes g(p g ) + q(p q ) → t(p t ) + γ(p γ ) and define the kinematical variables
, and u 1 = u − m 2 , where m is the top-quark mass, as before. We also define the variable s 4 = s + t + u − m 2 , which vanishes at partonic threshold, where there is just enough energy to produce the final tγ state.
The cross section factorizes into functions that describe soft and collinear emission [15] . We take moments,σ(N) = (ds 4 /s) e −N s 4 /sσ (s 4 ), and write an expression for the doubledifferential cross section in 4 − ǫ dimensions,
where α s is the strong coupling, µ is the scale, H gq→tγ is the hard-scattering function for the short-distance collision, S gq→tγ is the soft-gluon function that describes noncollinear soft-gluon emission, and J i are jet functions that describe soft and collinear emission from the incoming (up or charm) quark and the incoming gluon. The function S gq→tγ obeys the renormalization group equation
where β(g s , ǫ) = −g s ǫ/2 + β(g s ) with β(g s ) the QCD beta function, and Γ S gq→tγ is the soft anomalous dimension for the evolution of the soft function S gq→tγ . The soft anomalous dimension Γ S gq→tγ is determined in dimensional regularization from the coefficients of the ultraviolet poles of the relevant loop diagrams [3, [11] [12] [13] [14] [15] [16] .
The evolution of the functions in the factorized cross section results in the resummation of soft-gluon contributions. The resummed moment-space double-differential partonic cross section is given by
3)
2 )e γ E , with γ E the Euler constant. The first exponential in Eq. (2.3) resums soft and collinear corrections [17, 18] from the incoming up or charm quark and gluon, and it can be found in [13] .
We write the perturbative series for the soft anomalous dimension for gq → tγ as Γ
gq→tγ . For next-to-leading-logarithm (NLL) resummation we require the soft anomalous dimension at one loop. The one-loop expression in Feynman gauge is given by
where C F = (N 2 c − 1)/(2N c ) and C A = N c , with N c = 3 the number of colors. The two-loop expression is given by
where n f = 5 is the number of light-quark flavors, ζ 2 = π 2 /6, and ζ 3 = 1.2020569 · · ·. We expand the NLL resummed cross section, Eq. (2.3), to NNLO and then invert to momentum space, which gives us prescription-independent results for the soft-gluon corrections at NLO and NNLO. We will show in the next section that the NLO soft-gluon corrections are large and provide an excellent approximation of the complete corrections at that order. Furthermore, the NNLO soft-gluon corrections provide additional significant contributions.
We provide analytical results with soft-gluon corrections for the double-differential partonic cross section d
gq→tγ /(dt du) at nth order, with n = 0, 1, and 2. The LO cross section for gq → tγ is d
where
and α = e 2 /(4π). The NLO soft-gluon corrections for gq → tγ are given by
where µ R is the renormalization scale, µ F is the factorization scale, and β 0 = (11C A − 2n f )/3 is the first term in the perturbative series for the β function in QCD. The NNLO soft-gluon corrections for gq → tγ are given by 
(2.9)
3 Results for gu → tγ and gc → tγ at the LHC Numerical results for tγ production are now presented for pp collisions at LHC energies via anomalous t-u-γ and t-c-γ couplings. MMHT2014 [19] NNLO parton distribution functions (pdfs) are used for all numerical results; however, the results are practically unchanged if CT14 [20] or NNPDF [21] pdfs are chosen instead. We first compare our results to the NLO calculation in Ref. [4] . We note that our aNLO cross sections are very similar to the NLO cross sections in [4] . The NLO/LO ratio at the LHC in [4] is 1.36 while our aNLO/LO ratio (with the same parameters as used in [4] ) is 1.35. So our aNLO results are in remarkable agreement, to better than one percent, with the complete NLO calculation. This agreement conclusively demonstrates that the overwhelming majority of the NLO corrections come from soft-gluon corrections. It also shows the power and usefulness of soft-gluon resummation methods, and is in line with similar results for related processes [11] [12] [13] [14] .
We begin by presenting our cross sections at LHC energies for the process gu → tγ. Based on recent limits [10] , we use a value for the anomalous coupling of κ tuγ = 0.01 throughout. 2 displays total cross sections for gu → tγ as functions of top-quark mass ranging from 165 GeV to 180 GeV. We set the factorization and renormalization scales equal to the top-quark mass.
The left plot in Fig. 2 displays aNNLO total cross sections calculated at LHC energies of 7, 8, 13, and 14 TeV. The plot's inset shows the K-factors relative to aNLO; that is, the aNNLO/aNLO cross section ratios for each LHC energy. We find that the aNNLO corrections increase the aNLO cross section by about 3.0% at 14 TeV, 3.3% at 13 TeV, 4.3% at 8 TeV, and 4.4% at 7 TeV. As expected, the effect of the corrections increases as the energy is lowered, since we are approaching the partonic threshold, where the soft-gluon corrections contribute more.
The plot on the right side of Fig. 2 shows the cross sections at each order for gu → tγ at 13 TeV energy. The LO, aNLO, and aNNLO results are displayed at the same energy to demonstrate the effect of the perturbative soft-gluon corrections. It is immediately evident that the NLO soft-gluon corrections increase the LO result by a significant amount. The NNLO corrections also contribute significantly to the cross section, though less so than the NLO corrections, and must be included to make more accurate theoretical predictions.
The inset on the right plot of Fig. 2 displays K-factors, this time relative to LO; that is, the aNNLO/LO and aNLO/LO cross section ratios. The aNLO/LO K-factor is 1.31, indicating a 31% enhancement of the LO cross section by the aNLO corrections. The aNNLO/LO Kfactor is 1.36, indicating a further enhancement of the cross section by the NNLO soft-gluon corrections, for a 36% total increase of the LO cross section.
We now move on to the process gc → tγ. A value of κ tcγ = 0.01 is chosen for the anomalous coupling, by the same reasoning as for κ tuγ . Fig. 3 displays total cross sections for gc → tγ as functions of top-quark mass over the same range of 165 GeV to 180 GeV. The cross sections for this process are an order of magnitude smaller than for gu → tγ. The factorization and renormalization scales are again set equal to the top-quark mass. The left plot displays aNNLO total cross sections calculated at the same LHC energies of 7, 8, 13, and 14 TeV, as for gu → tγ. The inset in the left plot again shows K-factors relative to the aNLO cross section. They are again between 3-4%, very similar to those found for gu → tγ.
The right plot of Fig. 3 shows the cross sections at each order for gc → tγ at 13 TeV energy, similar to before. The K-factors with respect to LO are displayed on the inset. The aNLO/LO K-factor is about 1.24, and the aNNLO/LO K-factor is about 1.28. While not as large as with the process gu → tγ, these are still significant enhancements over LO.
Since the higher-order corrections are significant, their effect on setting limits on the tq-γ anomalous couplings is important. For the t-u-γ coupling at 13 TeV energy, the NLO corrections decrease the limit on the coupling by 14% relative to LO, and with the addition of the aNNLO corrections the decrease is 17% relative to LO. For the t-c-γ coupling at 13 TeV energy, the NLO corrections decrease the limit on the coupling by 11% relative to LO, and with the addition of the aNNLO corrections the limit is decreased by 13% relative to LO.
We now look at the scale dependence of the cross sections. We choose to show results using the current LHC energy of 13 TeV and a top-quark mass of 173 GeV. Fig. 4 displays numerical results for the cross section as a function of scale in the range of µ = 0.5m to µ = 5m, where m is the top quark mass. The left plot shows results for the process gu → tγ, and the right plot shows results for the process gc → tγ. The percentage variation between the largest and smallest values in the range, relative to their average, is significantly different at different orders.
For the process gu → tγ at 13 TeV energy, we find an aNNLO scale variation of 18.4% over the range of µ = 0.5m to µ = 5m, which is significantly smaller than the aNLO variation of 35.7%. For other LHC energies, we find aNNLO scale variations of 17.6% at 14 TeV, 24.2% at 8 TeV, and 26.1% at 7 TeV. While we chose a large range for the variation, we note that a scale variation by a factor of two is typically used to estimate theoretical uncertainty. In the typical range of µ = 0.5m to µ = 2m, we find aNNLO scale variations between maximum and minimum values of 5.4% at 14 TeV, 5.9% at 13 TeV, 11.6% at 8 TeV, and 13.5% at 7 TeV.
For the process gc → tγ at 13 TeV, we find an aNNLO scale variation of 4.7%, over the range of µ = 0.5m to µ = 5m, which is much smaller than the aNLO variation of 15.0%. We find similar aNNLO scale variations over this range at other LHC energies: 4.5% at 14 TeV, 7.0% at 8 TeV, and 8.2% at 7 TeV. In the typical range of µ = 0.5m to µ = 2m, we find aNNLO scale variations of 3.9% at 14 TeV, 3.2% at 13 TeV, 2.6% at 8 TeV, and 3.7% at 7 TeV.
When considering theoretical uncertainties, pdf uncertainties must also be included. We find pdf uncertainties to be fairly small for the process gu → tγ, but not so small for the process gc → tγ, using the pdf errors associated with MMHT2014 [19] NNLO pdfs. For gu → tγ, we find uncertainties of 1.1% at 14 TeV, 1.1% at 13 TeV, 1.0% at 8 TeV, and 1.1% at 7 TeV. For gc → tγ, we find uncertainties of 2.7% at 14 TeV, 2.8% at 13 TeV, 3.6% at 8 TeV, and 3.9% at 7 TeV.
In principle there are uncertainties from other terms beyond the ones included in our formulas at NLL accuracy. Of course we do not know all those terms, but we know some of them, such as the two-loop anomalous dimension, Eq. (2.5). If we include this two-loop term in the aNNLO expansion, we find that its effect is less than one per mille for the cross section, which is negligible when contrasted to the scale and pdf uncertainties.
We now consider the top-quark transverse momentum (p T ) and rapidity distributions up to aNNLO at LHC energies. The renormalization and factorization scales are again set equal to the top quark mass, chosen to be 173 GeV once more.
For the process gu → tγ, we present aNNLO top-quark p T distributions (dσ/dp T ) and top-quark rapidity distributions (dσ/d|Y |) in the left and right plots of Fig. 5 , respectively. The distributions are shown at LHC energies of 7, 8, 13, and 14 TeV, once again. The p T distributions peak at a p T value of about 110 GeV for LHC energies of 13 and 14 TeV and about 100 GeV for energies of 7 and 8 TeV. Finally, in Fig. 6 we present the aNNLO top-quark p T and rapidity distributions for the process gc → tγ. The magnitudes of both the rapidity and p T distributions are once again much smaller than those for the process gu → tγ, just as with the total cross sections. The p T distributions peak at a p T value of about 100 TeV for LHC energies of 13 and 14 TeV and about 90 GeV for energies of 7 and 8 TeV.
Conclusions
We have studied the production of a top quark in association with a photon via the partonic processes gu → tγ and gc → tγ, which involve anomalous t-q-γ couplings. We have found large contributions from soft-gluon emission for the total production cross sections and the topquark transverse-momentum and rapidity distributions. The soft-gluon contributions dominate the cross section numerically, and in fact at NLO they approximate very well the complete results. We have resummed soft-gluon emission for these processes and determined the relevant soft anomalous dimensions through two loops. From the NLL resummed cross section we have derived expansions through NNLO. The aNNLO soft-gluon corrections provide substantial additional enhancements.
The total cross sections and the top-quark transverse-momentum and rapidity distributions were calculated for the gu → tγ and gc → tγ processes at 7, 8, 13, and 14 TeV LHC energies. The aNNLO soft-gluon corrections are significant at all LHC energies. Hence, these corrections must be included for improved theoretical input in searching for processes with anomalous couplings and in setting limits for those couplings.
